Managerial actions influence the survival probabilities of the keystone species of an ecological-economic system. In turn, the well-being of these keystone species translates into the wellbeing or the resilience of the underlying ecological-economic system. What are the theoretical links between managerial actions, keystone species, and the resilience of ecological-economic systems?
6
Taylor and Karlin (1998) and Ross (2000) contain textbook accounts of discrete-time Markov chains. 5 and the resilience of ecological-economic systems. However, what are the theoretical links between this trio? Recently, Batabyal (2002) has addressed aspects of this question. Specifically, Batabyal (2002) uses a discrete-time Markov chain theoretic model of an ecological-economic system to shed light on the theoretical links between the above discussed trio. Although Batabyal's (2002) paper does advance the extant literature, the analysis in this paper is confining in three ways. First, there are only two states in the model. Second, Batabyal conducts his analysis with a single keystone species.
Finally, the link between managerial actions and keystone species survival is very specific.
As such, in this paper we dispense with all three of these confining features and thereby extend the analysis in Batabyal (2002) . Specifically, we analyze a five state discrete-time Markov chain theoretic model in which the states are defined in a way so as to clearly bring out the general link between managerial actions and keystone species survival. Second, in our ecological-economic system, there are two keystone species and we explicitly model-to the best of our knowledge for the first time-an important kind of interaction between the two keystone species in this ecologicaleconomic system. The rest of this paper is organized as follows. Section 2.1 delineates our discrete-time Markov chain theoretic model 6 of an ecological-economic system with two keystone species. Section 2.2 demonstrates how to construct the transition probability matrix for this system and then calculates the resilience of this system. Section 2.3 discusses the findings of the previous two sections. Section 7 This approach has been used previously in the literature by Batabyal (2000 Batabyal ( , 2002 and Batabyal and Beladi (1999). 8 In the sense that this ecological-economic system is able to provide humans with key ecological services such as flood protection, nutrient cycling, and the maintenance of the hydrological cycle. 6
A Stochastic Model of an Ecological-Economic System

Preliminaries
Consider an arbitrary ecological-economic system with two keystone species. Examples of such systems include temperate bogs in which the peat forming mosses Polytrichum strictum and Sphagnum fallax are the keystone species (Mitchell et al. (2002) ) and some Amazonian forests in which the gum producing tree species Parkia nitida and Parkia pendula are considered to be keystone species (Peres (2000) ). These examples notwithstanding, the best example of an ecologicaleconomic system with two keystone species is probably the North American mixed grass prairie in which both bisons and prairie dogs are considered to be keystone species (Fahnestock and Detling (2002) ).
We now abstract away from the remaining species of our ecological-economic system and we concentrate on the two keystone species. 7 Hence, in our model, the well-being of the ecologicaleconomic system under study depends essentially on the well-being of these two keystone species.
As such, we shall say that our ecological-economic system is functional 8 if and only if at least one of the two keystone species is healthy and not endangered. Now, economic activities such as fishing, grazing, and hunting, and uncertain environmental occurrences such as droughts, fires, and winter freezes, influence the health of the two keystone species and hence the health of our ecologicaleconomic system. Naturally, inordinate levels of such economic activities and/or unusually extreme environmental occurrences can endanger the lives of these keystone species. Therefore, when the 9 Such as the interaction between the bison and the prairie dog in North American mixed grass prairies.
10
As an alternative, we could let the length of this "nursing period" be a random variable. For more on this alternative, see section 3.
7 manager of our ecological-economic system suspects that one or both keystone species are endangered, (s)he takes apposite preventive actions to ensure that these keystone species do not become extinct and thereby imperil the entire system. Examples of such actions include season length restrictions on fishing, a moratorium on grazing, and a ban on hunting.
Now, consider an arbitrary time period. Suppose that at the beginning of this time period, the two keystone species in our ecological-economic system are healthy. Then, because of the activities mentioned in the previous paragraph, during this time period, each of the two keystone species will be endangeredCand hence our ecological-economic system will be endangeredCwith probability p.
To capture the interaction between these two keystone species, 9 we suppose that when one keystone species is endangered in a particular time period, the second keystone species will also be endangered with a higher probability That is, As indicated in the previous paragraph, when one or both q.
q>p.
keystone species are endangered, our manager takes the necessary prophylactic actions. Clearly, the aim of actions such as a ban on hunting is to "nurse" the affected keystone species back to health. In this paper, we suppose that the manager's expertise is such that the "nursing period" is two time periods long. 10 We now formally model the behavior of our stylized ecological-economic system as a discrete-time Markov chain.
Analysis
The first step in this modeling procedure involves the specification of an appropriate set of states. To this end, let denote the number of keystone species that are healthy (not endangered) and x let denote the time spent by one or both keystone species being "nursed" back to health by the y manager of our ecological-economic system. The reader will note that the possible numerical values of are 0, 1, and 2, and similarly, the possible numerical values of are 0 and 1. x y Given this information, let us represent the state of our ecological-economic system by the pair Then, we have a five state, discrete-time Markov chain theoretic model of our ecological-(x,y). economic system. Specifically, the five states are and Our next task (2,0), (1,0), (1,1), (0,0), (0,1).
is to specify the twenty-five one-step transition probabilities. This task is simplified by the fact that many of these one-step transition probabilities are either one or zero. For instance, the probability of making a transition from state to state is one. Similarly, the probability of making a (0,0) (0,1)
transition from state to state is zero. (2,0) (1,1) Naturally, some transition probabilities are neither one nor zero. Here are two examples. First, consider the probability of making a transition from state to state Now, in any particular (2,0) (2,0).
time period, the probability that a keystone species is healthy is Our ecological-economic (1&p). system contains two keystone species. Putting these two pieces of information together, we reason that the probability of making a transition from state to state is Second, consider (2,0) (2,0) (1&p) 2 .
the probability of making a transition from state to state Recall that in any time period, (1,0)
(1,1). q>p is the probability that the second keystone species is endangered, given that the first keystone species is endangered. Further, the value of is unchanged and the value of increases from 0 to 1. These x y two pieces of information together tell us that the relevant transition probability that we seek is
The values of the other one-step transition probabilities that are neither one nor zero can be (1&q).
obtained by similar reasoning. Therefore, the one-step transition probability matrix for our five state ecological-economic system is (1) P' P (2,0)(2,0) P (2,0)(1,0) P (2,0)(1,1) P (2,0)(0,0) P (2,0)(0,1) P (1,0)(2,0) P (1,0)(1,0) P (1,0)(1,1) P (1,0)(0,0) P (1,0)(0,1) P (1,1)(2,0) P (1,1)(1,0) P (1,1)(1,1) P (1,1)(0,0) P (1,1)(0,1) P (0,0)(2,0) P (0,0)(1,0) P (0,0)(1,1) P (0,0)(0,0) P (0,0)(0,1) P (0,1)(2,0) P (0,1)(1,0) P (0,1)(1,1) P (0,1)(0,0) P (0,1)(0,1)
This completes the probabilistic description of our stylized ecological-economic system. So far, we have seen that the system under study can be well described by a five state, discrete-time Markov chain, whose transition probability matrix is given by equation (1). P
We now want to theoretically link the trio of managerial actions, the survival of the two keystone species, and our ecological-economic system's resilience. To this end, note that managerial actions arise in states and state In these four states, at least one keystone (1,0), (1,1), (0,0) (0,1).
species is endangered and prophylactic actions are taken by our manager. Further, the two time periods it takes to "nurse" an endangered keystone species back to health affect the survival probabilities or alternately the health of the keystone species. Examples of such survival probabilities include and This is the first link-between managerial actions and P (1,1),(2,0)
the survival of the keystone species-in the above mentioned trinity.
Recall from section 1 that the resilience of our ecological-economic system is defined to be the steady state probability of being in one or more desirable states of this system. How many desirable states does our ecological-economic system have? A strict interpretation of the above definition tells us that the only desirable state is In this state, both the keystone species are (2,0). healthy and hence preventive actions on the part of the manager are not needed. Hence, following this strict interpretation, resilience is the steady state probability of being in state A weak (2,0). interpretation of the definition of resilience would involve equating resilience with the steady state probability that our ecological-economic system is functional. This system is functional when at least one of the two keystone species is healthy and this happens in states and (2,0), (1,0), (1,1).
Therefore, following this weak interpretation, resilience is the sum of the steady state probabilities of being in states and This discussion tells us that there are two ways of (2,0), (1,0),
(1,1).
conceptualizing the desirable states of our ecological-economic system. Consequently, irrespective of whether we use the strict or the weak interpretation of the definition of resilience, once we've computed the resilience of our stylized ecological-economic system, we will have theoretically ascertained the second and final link in the above mentioned trio.
As noted in Taylor and Karlin (1998, p. 199) , in terms of the transition probabilities in equation (1), given any initial state the steady state probability of being in state is i, j
Following the strict interpretation, our ecological-economic system's resilience is Similarly, π (2, 0) .
following the weak interpretation, this system's resilience is Using Theorem 1.1 π
in Taylor and Karlin (1998, p. 204) , the actual values of these steady state probabilities can be computed. The essential idea here is to solve a system of five equations in the five unknown steady state probabilities. Although the relevant computations are straightforward, they are very tedious.
Consequently, to illustrate our methodology, in the remainder of this section we suppose that p'0.1 and Now, using these values for and along with Theorem 1.1 in Taylor and Karlin (1998, q'0.2. p q p. 204), it is easy to see that and Therefore, we find that π Equation (3) gives us the resilience of our ecological-economic system and the second link-between the survival of the keystone species and the system's resilience-that we're after.
Intuitively, we expect the relation to hold generally. In the 0#Strict Resilience#Weak Resilience#1 illustrative case discussed in the previous paragraph, we see that and hence the 0#0.6197#0.9508#1 above relation does indeed hold.
Discussion
Our analysis of the trio of managerial actions, keystone species survival, and the resilience of ecological-economic systems yields four noteworthy conclusions. First, given the uncertain nature of economic activities and environmental occurrences, an examination of the above mentioned trio calls for the analysis of a stochastic model. Second, the survival of the two keystone species of our ecological-economic system is contingent on the nature of the managerial actions taken when one or more such species are endangered. Third, by altering the kind and the level of these actions, the manager can directly influence the well-being or the resilience of the underlying ecological-economic system. Finally, the links between managerial actions, keystone species survival, and the resilience of ecological-economic systems can be quantified in the way that we have shown in this paper.
Conclusions
In this paper, we used a five state, discrete-time Markov chain theoretic model and provided a novel illustration of the theoretical links between managerial actions, the survival of keystone species, and the resilience of a stylized ecological-economic system. Our principal findings are described in section 2.3. The analysis of this paper can be extended in a number of different directions. In what follows, we propose two potential extensions.
First, we analyzed a model in which the amount of time it takes our manager to "nurse" a keystone species back to health is deterministic (two time periods long). However, as noted in
